Abstract. In this paper we prove that the moduli space of metrics with positive scalar curvature of an orientable compact 3-manifold is pathconnected. The proof uses the Ricci flow with surgery, the conformal method, and the connected sum construction of Gromov and Lawson. The work of Perelman on Hamilton's Ricci flow is fundamental. As one of the applications we prove the path-connectedness of the space of trace-free asymptotically flat solutions to the vacuum Einstein constraint equations on R 3 .
Introduction

In 1916 H. Weyl proved the following result:
Theorem ( [42] ). Let g be a metric of positive scalar curvature on the twosphere S 2 . There exists a continuous path of metrics µ ∈ [0, 1] → g µ on S 2 , of positive scalar curvature, such that g 0 = g and g 1 has constant curvature.
The interest in such deformations came from the idea of using the continuity method to find an isometric embedding of (S 2 , g) as a convex surface in R 3 . His proof is an application of the celebrated Riemann's Uniformization Theorem. It follows from uniformization that there exists a constant curvature metric g in the conformal class of g. If g = e 2f g, then it is easy to check that g µ = e 2µf g has positive scalar curvature for every µ ∈ [0, 1]. The space of metrics of positive scalar curvature on S 2 is in fact contractible, as verified by J. Rosenberg and S. Stolz in [34] .
It is then natural to look for analogues of the above result in higher dimensions. Of course there is no uniformization theorem available in general, hence other tools have to be introduced. We will explain in Section 2 of this paper that H. Weyl's argument extends to dimensions greater than two, provided the metrics are in the same conformal class.
The object of this paper will be to prove that the moduli space of metrics with positive scalar curvature of an orientable compact 3-manifold is pathconnected. If M is a compact manifold, we will denote by R + (M ) the set of Riemannian metrics g on M with positive scalar curvature R g . The associated moduli space is the quotient R + (M )/Diff(M ) of R + (M ) under the standard action of the group of diffeomorphisms Diff(M ). We refer the reader to [33] for a nice survey on recent results about the space of metrics of positive scalar curvature on a given smooth manifold. Unless otherwise specified, the space of metrics on a given manifold will be endowed with the C ∞ topology.
It will be convenient to call the positive scalar curvature metrics g and g ′ isotopic to each other if there exists a continuous path µ ∈ [0, 1] → g µ ∈ R + (M ) such that g 0 = g and g 1 = g ′ , i.e., if g and g ′ lie in the same path-connected component of R + (M ).
Our main theorem is:
Main Theorem. Suppose that M 3 is a compact orientable 3-manifold such that R + (M ) = ∅. Then the moduli space R + (M )/Diff (M ) is path-connected.
In [6] , J. Cerf proved that the set Diff + (S 3 ) of orientation-preserving diffeomorphisms of the 3-sphere is path-connected. For this reason the statement for S 3 is stronger: Corollary 1.1. The space R + (S 3 ) of positive scalar curvature metrics on the 3-sphere is path-connected.
Remark:
We refer the reader to [39] and [16] for results on the homotopy type of Diff + (S 2 ) and Diff + (S 3 ), respectively. The path-connectedness of Diff + (S 2 ) was also proved in [27] .
The picture in higher dimensions is quite different. This was first noticed by N. Hitchin ([18] ) in 1974, where he proves that the spaces R + (S 8k ) and R + (S 8k+1 ) are disconnected for each k ≥ 1. This result follows from the consideration of index-theoretic invariants associated to the Dirac operator of spin geometry. It holds in general for all the compact spin manifolds X of dimensions 8k and 8k + 1 with R + (X) = ∅. In 1988 R. Carr ([5] ) proved that the space R + (S 4k−1 ) has infinitely many connected components for each k ≥ 2. In dimension 7 (k = 2 case) this result was proved earlier by Gromov and Lawson in 1983 (see Theorem 4.47 of [12] ). It was improved by M. Kreck and S. Stolz ([20] ) in 1993, where they show that even the moduli space R + (S 4k−1 )/Diff(S 4k−1 ) has infinitely many connected components for k ≥ 2. The same statement holds true for any nontrivial spherical quotient of dimension greater than or equal to five, as proved by B. Botvinnik and P. Gilkey in [3] . The surgery arguments used in these proofs break down in the three-dimensional case.
In his famous 1982 paper R. Hamilton ([13] ) introduced the equation
known as the Ricci flow, and proved the existence of short time solutions with arbitrary compact Riemannian manifolds as initial conditions. He also proved that if g(t) denotes a solution to the Ricci flow on a compact 3-manifold M such that g(0) has positive Ricci curvature, then the flow becomes extinct at finite time T > 0, Ric g(t) > 0 for all t ∈ [0, T ), and the volume one rescalingsg(t) of g(t) converge to a constant curvature metric as t → T .
The evolution equation for the scalar curvature is
from which follows by Maximum Principle that the condition of positive scalar curvature is preserved by Ricci flow in any dimension n. In fact, if R g(0) ≥ R 0 > 0, it follows from equation (1.1) that min M R g(t) ≥ 1
which forces the flow to end in finite time. These facts make the Ricci flow a natural tool in the study of deformations of metrics with positive scalar curvature.
The great difficulty is that the condition of R g > 0 is too weak to imply convergence results. Unlike in the case of positive Ricci curvature, singularities can occur in proper subsets of the manifold. In order to deal with this kind of situation Hamilton introduced in [15] , in the context of four-manifolds, a discontinuous evolution process known as Ricci flow with surgery. This is a collection of successive standard Ricci flows, each of them defined in the maximal interval of existence, such that the initial condition of each flow is obtained from the preceding flow by topological and geometrical operations at the singular time. These operations constitute what is known as surgery, and are devised to eliminate the regions of the manifold where singularities develop, replacing them by regions of standard geometry.
In two dimensions no surgery is needed. In [14] , Hamilton proved that if g has positive scalar curvature (or Gauss curvature) on S 2 , then the solution to the normalized Ricci flow with initial condition (S 2 , g) converges to a constant curvature metric. (See [8] for an extension to arbitrary g). His proof was made independent of uniformization by Chen, Lu and Tian in [7] . This is a heat flow proof of Weyl's theorem.
In three dimensions the existence of a Ricci flow with surgery and the study of its properties were accomplished by G. Perelman in a series of three papers [30] , [31] , [32] . One of Perelman's breakthroughs was the understanding of how singularities form, which allowed him to restrict the surgeries to almost cylindrical regions. When the Ricci flow with surgery ends in finite time, it is possible, by reasoning back in time, to recover the original topology of the manifold. In fact he proves that if the Ricci flow with surgery of an orientable compact Riemannian 3-manifold becomes extinct in finite time, then the manifold is diffeomorphic to a connected sum of spherical space forms and finitely many copies of S 2 × S 1 . Since he is also able to prove (see [32] ) that this in fact the case if the fundamental group is trivial (or a free product of finite and infinite cyclic groups, more generally), a proof of the Poincaré Conjecture is obtained as an application. A different argument for the finite extinction time result is due to T. Colding and B. Minicozzi (see [9] ).
Another application is the topological classification of the orientable compact 3-manifolds which admit metrics of positive scalar curvature (see [36] and [12] for earlier results with different methods). Since the surgeries only increase scalar curvature, the associated Ricci flows with surgery have to become extinct in finite time. We also know that the condition of positive scalar curvature is stable under connected sums (see [11] and [35] ). Therefore the assumption of the Main Theorem is equivalent to saying that M is diffeomorphic to a connected sum of spherical space forms and finitely many copies of S 2 × S 1 .
Our method of proof is going to be a combination of the heat flow technique (Ricci flow with surgery), and the conformal method. The work of Perelman on Hamilton's Ricci flow is fundamental ( [30] , [31] , and [32] ). We refer the reader to [4] , [19] , and [25] for some detailed presentations of the arguments due to Perelman. In this paper we choose to follow more closely the exposition of the book by J. Morgan and G. Tian (see [25] ).
Since we are not only interested in the topology, but also on the geometry, we need something to undo surgeries in a certain sense. We will achieve that by means of the connected sum construction of Gromov and Lawson of [11] (see [35] for a related construction). Recall that the Gromov-Lawson connected sum construction is a way of putting a metric of positive scalar curvature on the connected sum (M 1 , g 1 )#(M 2 , g 2 ), provided g 1 and g 2 have positive scalar curvature themselves. The resulting manifold is a disjoint union of the complements M i \ B δ (p i ) of small balls, i = 1, 2, with their original metrics, and a neck region N .
In order to explain our strategy let us introduce the concept of a canonical metric. Let h be the metric on the unit sphere S 3 induced by the standard inclusion S 3 ⊂ R 4 . A canonical metric is any metric obtained from the 3-sphere (S 3 , h) by attaching to it finitely many constant curvature spherical quotients (through the Gromov-Lawson procedure), and adding to it finitely many handles (Gromov-Lawson connected sums of S 3 to itself). The resulting manifold M is diffeomorphic to
where Γ 1 , . . . , Γ k are finite subgroups of SO(4) acting freely on S 3 . The number of S 2 ×S 1 summands coincides with the number of handles attached, and the spherical quotients come with a choice of orientation. The resulting metricĝ is locally conformally flat and has positive scalar curvature. Two canonical metrics on M are in the same path-connected component of the moduli space R + (M )/Diff(M ). Given a metric g 0 in R + (M ), the strategy is to use the Ricci flow with surgery (M 3 i , g i (t)) t∈[t i ,t i+1 ) with initial condition g 0 (0) = g 0 to construct a continuous path in R + (M ) that starts at g 0 and ends at a canonical metric. As in the proof of the Poincaré Conjecture we use backwards induction on the set of singular times t i . In order to handle some of the components we will sometimes need to perform extra surgeries.
The induction starts at the extinction time T = t j+1 > 0. It follows from the properties of the Ricci flow with surgery that all the remaining components of M (the components of M j ) will be entirely covered by canonical neighborhoods (regions of standard topology and geometry) before they disappear at time T . Some of the components will develop positive sectional curvature everywhere, hence by Hamilton's theorem ( [13] ) these components are isotopic to spherical space forms.
The other components will be unions of necks (almost cylindrical regions), and caps (regions diffeomorphic to a three-ball B 3 or to RP 3 \ B 3 , with almost cylindrical geometry near the boundary). Whenever two necks intersect, their product structures almost align. This restricts the topology of such components to the list: S 3 , RP 3 , RP 3 #RP 3 , or S 2 × S 1 . It is very important that we can say something more about the geometry of the caps. This kind of information was not needed in the proof of the Poincaré Conjecture since the topology of the caps is well-known. It turns out that it follows from Perelman's proof of the existence of the Ricci flow with surgery that the caps are either of positive sectional curvature (caps of type A of Section 6), or are very close to standard caps (caps of types B and C). The idea to handle these components is then to combine Hamilton's theorem with the conformal method. We use Hamilton's theorem to deform the positively curved caps after they are separated from the rest by a surgery argument. In order to do that it is important that surgery preserves positive sectional curvature. We use the conformal method to deform regions which are unions of necks and standard caps. The end result is that any component of M j is isotopic to a canonical metric.
Then we have to prove that if every component of M i+1 is isotopic to a canonical metric, then the same is true for every component of M i . This requires Perelman's description of the singularity formation and of the surgery process. During the surgery process many regions of known topology are discarded. Since these are unions of canonical neighborhoods we can deform them into canonical metrics as before. The idea then is to reconnect the pieces together, after every surgery procedure, by introducing GromovLawson connected sums. The conclusion is that every component of M i can be continuously deformed, through positive scalar curvature metrics, to a connected sum of some of the components of M i+1 and finitely many components which are unions of canonical neighborhoods. It follows from the induction hypothesis, and from the fact that we can perform the GromovLawson connected sums to continuous families of metrics, that every component of M i is isotopic to a connected sum of canonical metrics. Since connected sums of canonical metrics are isotopic to a single canonical component (Lemma 7.2), the Main Theorem follows by induction.
We also give some applications to General Relativity in Section 8. We are interested in studying the topology of spaces of asymptotically flat metrics under natural scalar curvature conditions. For simplicity we restrict ourselves to R 3 , although the methods can also be applied to other manifolds (see final remark). In Section 8 we will always use the topology induced by weighted Hölder norms C k,α β . We will prove that three different spaces are path-connected (Theorems 8.5, 8.6, and 8.7). A metric g on R 3 will be called asymptotically flat if
Let M 1 be the set of asymptotically flat metrics on R 3 of zero scalar curvature. The first application is:
The idea is to first deform a metric in M 1 into one that can be conformally compactified, i.e., one that can be obtained as a blow-up G 4
x g of a positive scalar curvature metric g on S 3 . Here G x denotes the Green's function associated to the conformal Laplacian L g = ∆ g − 1 8 R g of g, with pole at x ∈ S 3 . By deforming g, the Corollary 1.1 can be used to construct a continuous path of asymptotically flat and scalar-flat metrics on R 3 connecting G 4
x g to the flat metric.
As a consequence we prove Theorem 1.3. Let M 2 be the set of asymptotically flat metrics g on R 3 such that R g ≥ 0, and R g ∈ L 1 . Then the set M 2 is path-connected in the C 2,α −1 topology. This question had been studied previously by B. Smith and G. Weinstein through a parabolic method. In [40] , the authors proved path-connectedness of the space of metrics in M 2 that admit a quasi-convex global foliation. Once we have established Theorem 1.2, Theorem 1.3 will follow by the conformal method.
The final application concerns trace-free asymptotically flat solutions to the vacuum Einstein constraint equations on R 3 . The solutions to the constraint equations parametrize the space of solutions to the vacuum Einstein equations because of the well-posedness of the initial value formulation, as proved by Y. Choquet-Bruhat. We refer the reader to [1] for a nice survey on the constraint equations.
We say that (g, h) is an asymptotically flat initial data set on R 3 if g is a Riemannian metric on R 3 such that g ij − δ ij ∈ C 2,α −1 , and h is a symmetric (0, 2)-tensor with h ij ∈ C 1,α −2 . Let M 3 be the set of all asymptotically flat initial data sets (g, h) on R 3 such that a) tr g h = 0, b) R g = |h| 2 , c) and (div g h) j := ∇ i h i j = 0. The theorem is:
The full set of solutions to the vacuum Einstein constraint equations is the set M 4 of all asymptotically flat initial data sets (g, h) defined on R 3 such that a) R g + (tr g h) 2 − |h| 2 = 0, b) ∇ i h i j − ∇ j (tr g h) = 0. These metrics no longer have nonnegative scalar curvature, so it would be interesting to find methods to study their deformations.
The paper is organized as follows. In Section 2 we explain the conformal method. In Section 3 we prove some interpolation lemmas which will be useful later in handling regions covered by necks. In Section 4 we discuss the surgery process and some of its basic properties. In Section 5 we recall the connected sum construction of manifolds of positive scalar curvature due to Gromov and Lawson, and explain how it can be used to revert surgery. In Section 6 we discuss some of the basic results about the Ricci flow with surgery. In Section 7 we introduce the concept of a canonical metric and give a proof of the main theorem. In Section 8 we prove the connectedness results concerning asymptotically flat metrics on R 3 . Proof. Since g is locally conformally flat, it follows from the works of Kuiper ([21] and [22] ) that there exists a metric g of constant sectional curvature in the conformal class of g (see also [37] , [38] and [41] ).
The corollary then follows from Proposition 2.1.
Let dθ 2 be a constant curvature metric on S n−1 of scalar curvature one. The next application will be used later to deform surgery necks. 
It is easy to see by a change of variables that the metrics g µ are cylindrical for all µ ∈ [1/2, 1]. This completes the proof of the proposition.
Interpolation Lemmas
We will define the concept of an ε-neck structure and prove some interpolation lemmas. We refer the reader to the appendix of [25] for basic properties of ε-necks and their intersections.
Let (M 3 , g) be a Riemannian manifold. Given ε > 0, an ε-neck structure on an open set N ⊂ M , centered at x ∈ M , is a diffeomorphism ψ :
, and such that R g (x)ψ * (g) is within ε in the C [1/ε] -topology of the product metric g cyl = ds 2 +dθ 2 , where dθ 2 is a fixed metric on S 2 of constant scalar curvature 1. We call N an ε-neck of central sphere S N = ψ (S 2 × {0}) and scale h N = R g (x) −1/2 . Let also s N : N → R be the function s N (ψ(θ, t)) = t, and ∂/∂s N = ψ * (∂/∂s).
Lemma 3.1. There exists 0 < ε 1 ≤ 1 such that the following is true. Suppose 0 < ε ≤ ε 1 , and let ψ 1 : S 2 × (−1/ε, 1/ε) → N 1 and ψ 2 :
) of scales h 1 and h 2 , respectively, such that
Suppose also that any embedded 2-sphere separates the manifold M . Let z ∈ Λ, and assume g (∂/∂s
where A is an isometry of (S 2 , dθ 2 ), c) there exists a continuous path of metrics µ ∈ [0, 1] → g µ of positive scalar curvature on S 2 × (−1/ε, β), with g 0 = ψ * (g), g 1 rotationally symmetric, and such that it restricts to the linear homotopy
Proof. The Proposition A.11 of [25] asserts that |h 1 /h 2 − 1| < 0.1 if ε 1 is sufficiently small. It is not difficult to see then that
Notice that ϕ is an isometry between the metrics h −2 2 ψ * 2 (g) and h −2 2 ψ * 1 (g), which are both small perturbations of g cyl . Given any α > 0 we can choose ε 1 sufficiently small so that there is always an isometry A of (S 2 , dθ 2 ) with ϕ within α in the
. It is not difficult to prove the existence of A by a contradiction argument.
Writeφ
By exp we mean the exponential map of (S 2 , dθ 2 ).
Let η : R → R be a cutoff function such that 0 ≤ η ≤ 1, η(t) = 1 if t ≤ −1, and η(t) = 0 if t ≥ 1. Define
Notice that γ is a small perturbation of the identity map.
Let β = 1/ε − s N 2 (z) + s N 1 (z), and define ψ :
Since any embedded 2-sphere separates the manifold M , we necessarily have that
If ε 1 is sufficiently small, it follows that ψ is a diffeomorphism onto its image, and it satisfies properties (a) and (b) of the Lemma. Letĝ be the rotationally symmetric metric given bŷ
Since h A structured chain of ε-necks in (M 3 , g) is a sequence {N 1 , . . . , N a } of ε-necks with centers x 1 , . . . , x a such that:
, with g 0 = ψ * (g) and g 1 rotationally symmetric, and such that it restricts to the linear homotopy
If one applies the Lemma 3.1 to the necks N i and N i+1 , with z i ∈ s −1 N i (0.5/ε), the interpolation takes place in a region contained in the intersection of the right-hand half of N i and the left-hand half of N i+1 . The left-hand half of N i stays parametrized by ψ i , while the right-hand half of N i+1 becomes parametrized by the composition of ψ i+1 with an isometry of (S 2 × R, g cyl ). It is then clear that the diffeomorphisms given by Lemma 3.1 can be matched together. The proof follows easily from Lemma 3.1.
Surgery
In this section we will describe the basic properties of the surgery process. For more details see [31] and Chapter 13 of [25] (compare [4] and [19] ).
The standard initial metric is a complete metric g std on R 3 with the following properties: 1) g std has nonnegative sectional curvature, 2) g std is rotationally symmetric, i.e., invariant under the usual SO(3)-action on R 3 , 3) there exists A 0 > 0 such that (R 3 \ B(0, A 0 ), g std ) is isometric to the cylindrical metric of scalar curvature one on S 2 × (−∞, 4], 4) there exists r 0 > 0 such that (B(0, r 0 ), g std ) is isometric to a ball of radius r 0 inside a 3-sphere of radius 2, 5) there exists β > 0 such that the scalar curvature satisfies
The fixed point of the action of SO(3) (the origin 0 ∈ R 3 ) is called the tip of the standard initial metric. Let s ′ : R 3 \ B(0, A 0 ) → (−∞, 4] be the projection onto the second factor through the isometry ψ ′ :
. This map is an isometry along each radial geodesic emanating from p. It is smooth except at p, and s ′ (p) = 4 + A 0 . The pre-images of s ′ are round 2-spheres.
Let h be a Riemannian metric on S 2 ×(−4, 4) such that h is within ε of the cylindrical metric ds 2 + dθ 2 in the C [1/ε] -topology. The smooth manifold S is obtained by gluing together S 2 × (−4, 4) and B(p, A 0 + 4) and identifying (x, s) with ψ ′ (x, s) for all x ∈ S 2 and s ∈ (0, 4). Define
where C and q will be chosen later independently of ε. 
where A r 0 = 4 + A 0 − r 0 and A ′ = A 0 + 4. Notice that h surg,ε coincides with h on s −1 ((−4, 0]). It is also clear that h surg,ε and g std get arbitrarily close as we consider ε-necks with ε → 0. The process of going from (S 2 × (−4, 4), h) to (S, h surg,ε ) will be called surgery (or ε-surgery).
The next theorem collects some of the properties proved in Chapter 13 of [25] .
Theorem 4.1. There are constants C, q < ∞, and 0 < ε 2 ≤ ε 1 , such that the following hold for h surg = h surg,ε , if h is within ε of the cylindrical metric Notice that if 0 < ε ≤ε ≤ ε 2 , and
is a continuous family of positive scalar curvature metrics on S which all coincide with h on s −1 ((−4, 0)).
We will need a lemma to deform surgery caps. 
It is clear from the definition that (g cyl ) surg,ε is rotationally symmetric.
Connected sums
In this section we will discuss the connected sum construction of positive scalar curvature metrics due to Gromov and Lawson (see [11] ). We will then prove some deformation results which will be used later.
Let (M n , g) be a Riemannian manifold of positive scalar curvature. Given p ∈ M , {e k } ⊂ T p M an orthonormal basis, and r 0 > 0, we will define a positive scalar curvature metric g ′ on B r 0 (p) \ {p} that coincides with g near the boundary ∂B r 0 (p), and such that (B r 2 (p) \ {p}, g ′ ) is isometric to a half-cylinder for some r 2 > 0.
The construction uses a carefully chosen planar curve γ ⊂ R 2 . We identify B r 0 (p) with B r 0 (0) ⊂ R n through the choice of {e k } and exponential normal coordinates. It follows from [11] that, given 0 < r 0 ≤ min{ 1 2 inj M (p), 1}, a positive lower bound δ for the scalar curvature of g, and an upper bound 1/η > 0 for the C 2 norm of g in exponential coordinates about p, there exists a planar curve γ = γ(r 0 , δ, η) with the following properties: 1) the image of γ is contained in the region {(r, t) : r ≥ 0, t ≥ 0}, 2) the image of γ contains the horizontal half-line r ≥ r 1 , t = 0 for some 0 < r 1 < r 0 , 3) the image of γ contains the vertical half-line r = r 2 , t ≥ t 2 for some 0 < r 2 < r 1 and t 2 > 0, 4) the induced metric on M ′ = {(x, t) : (|x|, t) ∈ γ} as a submanifold of the Riemannian product B r 0 (p) × R has positive scalar curvature.
Since r 2 is small, the induced metric on the tubular piece r = r 2 , t ≥ t 2 is a perturbation of the cylindrical metric on S n−1 r 2 (0)×R, where S n−1 r 2 (0) ⊂ R n is the standard sphere of radius r 2 . We can slightly modify it with a cutoff function to achieve a positive scalar curvature metric g ′ of the form g ij (x, t) dx i dx j + dt 2 , which coincides with the original metric near t 2 and such that it is isometric to S n−1 r 2 (0) × [t 3 , ∞) for some t 3 > t 2 and t ≥ t 3 . Let (M n 1 , g 1 ) and (M n 2 , g 2 ) be compact manifolds of positive scalar curvature. Given
, δ > 0, and η > 0 so that the previous construction with γ = γ(r 0 , δ, η) applies to both manifolds. We can glue together the manifolds (
along the spheres where t = t 3 + 1, with reverse orientations. The result is a positive scalar curvature metric g 1 #g 2 , depending only on g 1 , g 2 , and the choice of parameters, on the connected sum M 1 #M 2 .
For the same reasons this construction can be applied to families: 
, there exist r 0 > 0, δ > 0, and η > 0 such that the positive scalar curvature connected sums
constructed with γ = γ(r 0 , δ, η) and {e
It is also possible to perform connected sums of M to itself. This procedure is referred to as attaching a handle to M .
If the metric g has constant positive sectional curvature on B r 0 (p), then the metric g ′ is rotationally symmetric on B r 0 (p) \ {0}. Therefore any connected sum of round spheres (or space forms, in general) is locally conformally flat.
Suppose that B and B ′ are two disjoint copies of the constant curvature ball B r 0 (p), and let γ 1 and γ 2 be planar curves as above. It is not difficult to see that, by increasing the length of one of the cylindrical necks, the resulting metrics on B# γ 1 B ′ and B# γ 2 B ′ are pointwise conformal to each other and coincide near the ends. Here the connected sums are performed at the centers. It follows from the conformal method, like in Proposition 2.1, that the connected sum B# γ 1 B ′ can be deformed, through metrics of positive scalar curvature, into B# γ 2 B ′ , without changing the metric near the boundary.
Let h be a Riemannian metric on S 2 × (−4, 4) which is within ε of the cylindrical metric g cyl = ds 2 + dθ 2 in the C [1/ε] -topology. Let (S − , h − surg,ε ) and (S + , h + surg,ε ) be the manifolds obtained from this neck by doing ε-surgery along the central sphere S 2 × {0}, and gluing standard caps to both S 2 × (−4, 0] and S 2 × [0, 4), respectively. Their tips p − , p + have neighborhoods which are isometric to a geodesic ball in some standard sphere. We can apply the Gromov-Lawson connected sum construction to these balls at p − , p + , with some choice of parameters r 0 , δ, and η, obtaining a connected sum (S − # S + , h − surg,ε #h + surg,ε ) of positive scalar curvature. (1, 4) ).
Proof. Notice that (g cyl ) − surg,ε and (g cyl ) + surg,ε are rotationally symmetric. Since the connected sum is performed to small constant curvature balls centered at the tips, we can identify (
for some a > 0, and w(r) > 0 with w(r) = 1 if r ∈ (−4 − a, −a) ∪ (a, a + 4). Let β : (−4−a, a+4) → (−4, 4) be a diffeomorphism such that β(r) = r+a if r ∈ (−4 − a, −1 − a), and β(r) = r − a if r ∈ (a + 1, a + 4). The result follows by applying the Proposition 2.3 to (id, β) * (dr 2 + w 2 (r) dθ 2 ) on S 2 × (−4, 4).
can be continuously deformed back into (S 2 × (−4, 4), h) through positive scalar curvature metrics which all coincide with h near the ends of S 2 × (−4, 4).
Proof. Suppose h is within ε of the cylindrical metric g cyl = ds 2 + dθ 2 on S 2 × (−4, 4) in the C [1/ε] -topology. It follows from a remark in Section 4 and the Proposition 5.1 that the manifold (S − # S + , h − surg,ε #h + surg,ε ) can be continuously deformed into (S − # S + , h − surg,ε 2 #h + surg,ε 2 ) through metrics of positive scalar curvature which all coincide with h near the ends of S − # S + .
Let
, where 0 ≤ η ≤ 1 is a cutoff function such that η(s) is identically 1 if |s| ≤ 2 and η is identically zero if |s| ≥ 3. Note that h µ = h if |s| ≥ 3 for all µ ∈ [0, 1], and h
, which again coincide with h near the ends of S − # S + .
Since the metric h 1 coincides with the cylindrical metric g cyl on the region s −1 ([−2, 2]), it follows from Lemma 5.2 that the manifold
+ surg,ε 2 ) can be continuously deformed into (S 2 × (−4, 4), h 1 ) through metrics of positive scalar curvature which equal h near the ends. The last stage of the deformation is given by µ ∈ [0, 1] → h µ .
Ricci flow with surgery
In this section we will present some of the results about the Ricci flow with surgery. We refer the reader to [4] , [19] , [25] and [31] for more details. Here we will follow more closely the exposition of J. Morgan and G. Tian (compare [25] ).
Throughout this section C > 0 and 0 < ε ≤ ε 3 will be fixed constants. We will start by defining the several types of canonical neighborhoods. The definition of a (C, ε)-cap we give here is more restrictive than the one that can be found in the above references. That is due to the fact that we will need more geometric information. The additional assumption we make is in property (4) 
If a cap C is of type B, then it is diffeomorphic to a 3-ball and the neck structure of N is given by ψ(θ, t) = ϕ(θ, t − 2/ε). If C is of type C, then it is diffeomorphic to RP 3 minus a ball and the neck structure of N is given by ψ(θ, t) = ϕ(θ, t − 2/ε − 4).
Notice that if a cap C is of type B, then the metrics (1−µ)ϕ * (g)+µ h 2 g std have positive scalar curvature for µ ∈ [0, 1].
A C-component is a compact connected Riemannian manifold (M 3 , g) such that: 1) M is diffeomorphic to either S 3 or RP 3 , 2) (M, g) has positive sectional curvature, 3) C −1 (sup x∈M R(x)) < inf σ K(σ), where σ varies over all 2-planes of T M and K(σ) denotes the sectional curvature,
An ε-round component is a compact connected Riemannian manifold (M, g) such that there exist a compact Riemannian manifold (Z, g) of constant curvature 1, a constant R > 0, and a diffeomorphism ϕ : Z → M such that the pullback ϕ * (Rg) is within ε of g in the C [1/ε] -topology.
Given a Riemannian 3-manifold (M, g), we say that x ∈ M has a (C, ε)-canonical neighborhood U ⊂ M if one of the following holds: 1) (U, g) is an ε-neck centered at x, 2) (U, g) is a (C, ε)-cap whose core contains x, 3) (U, g) is a C-component containing x, 4) (U, g) is an ε-round component containing x.
Notice that the definition of a (C, ε)-canonical neighborhood is scale invariant.
A Riemannian manifold (M 3 , g 0 ) is said to be normalized if 1) |Rm g 0 (x)| ≤ 1 for every x ∈ M , 2) the volume of any ball of radius one in (M 3 , g 0 ) is at least ω/2, where ω denotes the volume of the unit ball in R 3 .
The Ricci flow with surgery, with (M 3 , g 0 ) as initial condition, can be thought of as a sequence of standard Ricci flows (M 3 i , g i (t)), each defined for t ∈ [t i , t i+1 ) and becoming singular at t = t i+1 , where 0 = t 0 < t 1 < · · · < t i < t i+1 < · · · < ∞ is a discrete set, M 0 = M , and g 0 (0) = g 0 . The initial condition (M 3 i , g i (t i )) for each of these Ricci flows is a compact Riemannian manifold obtained from the preceding Ricci flow (M 3 i−1 , g i−1 (t)) t∈[t i−1 ,t i ) by a specific process called surgery, which depends on some choice of parameters.
If the initial metric has positive scalar curvature, the Ricci flow with surgery becomes extinct at some finite time T < ∞. This will mean that T = t j+1 for some j ≥ 0 and M j+1 = ∅.
The surgery process depends on some parameters:
The Ricci flow with surgery is constructed so that (M 3 i , g i (t)) t∈[t i ,t i+1 ) satisfies the (C, ε)-canonical neighborhood assumption with parameter r i , for all 0 ≤ i ≤ j.
Let us now describe the surgery at time t i+1 with parameters δ i . Set ρ i = δ i r i , and define h = h(ρ i , δ i ) as in Theorem 11.31 of [25] . We have ρ i ≪ r i .
Define
R(x, t) < +∞}.
If Ω(t i+1 ) = ∅, we terminate the flow at time t i+1 and declare M i+1 = ∅. Suppose then that Ω(t i+1 ) is nonempty. It follows from the work of Perelman that the Ricci flow with surgery can be constructed so that (compare Theorem 11.19 in [25] ) Ω(t i+1 ) ⊂ M is an open set on which the metrics g(t) converge, in the C ∞ topology over compact subsets, as t → t i+1 , to a metric g i (t i+1 ). The scalar curvature R g i (t i+1 ) : Ω(t i+1 ) → R is proper and bounded below. Let
proper. There are finitely many components of Ω(t i+1 ) which contain points of Ω ρ i (t i+1 ). Denote the union of such components by Ω big (t i+1 ). Again we terminate the flow if Ω big (t i+1 ) = ∅.
1) the embedding ψ of S 2 × [0, 1) into Ω(t i+1 ) is a proper map, 2) every point of the image of this map is the center of a 2ε-neck in Ω(t i+1 ), 3) the image of the boundary ψ(S 2 × {0}) is the central sphere of a 2ε-neck in Ω(t i+1 ).
Perelman proved that the open set Ω big (t i+1 ) contains a finite collection of disjoint 2ε-horns H 1 , . . . , H l , with boundary contained in Ω ρ i /2C (t i+1 ), such that the complement of the union of their interiors is a compact 3-manifold with boundary which contains Ω ρ i (t i+1 ). For each 1 ≤ k ≤ l, we can find a strong δ i -neck centered at some y k ∈ H k with R g i (t i+1 ) (y k ) = h −2 , and contained in H k . Let S 2 k be the central sphere of this neck, oriented so that the positive s-direction points toward the end of the horn. Let H + k be the unbounded complementary component of S 2 k inside the horn. The continuing region C t i+1 at time t i+1 is then defined to be the complement of
We can now do surgery on these δ i -necks as described in Section 3 of this paper, removing the positive end of the necks and replacing them by small perturbations of standard caps. The result is a compact Riemannian 3-manifold (M i+1 , G t i+1 ), where M i+1 = C t i+1 ∪ ⊔ k S 2 k B k and each B k is parametrized by the ball of radius A 0 + 4 around the tip of the standard initial metric. The Riemannian metric G t i+1 coincides with g i (t i+1 ) on C t i+1 , while on each B k it is a surgery metric like in Section 4, scaled by h 2 . Notice that this surgery process removes every component of Ω(t i+1 ) that does not intersect Ω ρ i (t i+1 ). We then say that (M i+1 , G t i+1 ) is obtained from the standard Ricci flow (M 3 i , g i (t)) t∈[t i ,t i+1 ) by doing surgery at the singular time t i+1 with parameters δ i and r i . It follows from the properties of neck surgery that if the metrics g i (t) have positive scalar curvature, so does
The next result collects the properties of the Ricci flow with surgery we will need (see Chapter 15 in [25] ). 
, by doing surgery at the singular time t i+1 with parameters δ i and r i , for all 0 ≤ i ≤ j − 1.
The fact that we can suppose the caps are of one of 3 types -A, B, or Cdeserves some explanation. This kind of information on the geometry of the caps is not needed for topological applications -the proof of the Poincaré Conjecture, for example.
The key point in the construction of the Ricci flow with surgery is to prove that a Ricci flow with surgery defined on an interval [0, T ) and such that:
1) the initial condition is normalized, 2) the curvature is pinched toward positive, 3) the canonical neighborhood assumption holds with parameter r, 4) it is κ-noncollapsed on scales ≤ ε, can be extended to an interval [0, T ′ ), with T ′ > T and all four conditions satisfied, perhaps with smaller parameters r and κ.
The existence of canonical neighborhoods around points of large scalar curvature in the extended flow is established by a contradiction argument, after conditions (1), (2), and (4) above are checked. If that is not the case, sequences of Ricci flows with surgery are constructed based at points p i which violate the canonical neighborhood assumption with parameters r i → 0. The strong results of Perelman assure that we can take a limit, provided the flows are rescaled so that the scalar curvature at p i becomes one. If the limit is a Ricci flow defined all the way back to −∞, then it has to be a κ-solution. In case the limit is only partial, there will be a surgery region near p i in rescaled distance and time for large i. In any case the conclusion is that a neighborhood of p i either becomes close to a region in a κ-solution, or it becomes close to a piece of the standard initial metric (R 3 , g std ). The standard initial metric is covered by ε-necks and a (C, ε)-cap of type B. The qualitative description of the κ-solutions by Perelman (see [31] ) is summarized in Theorem 9.93 of [25] . We have the following possibilities for the κ-solution in the orientable case:
(i) it is round, (ii) it is a C-component, (iii) it has positive sectional curvature and it is a union of ε-necks and (C, ε)-caps, (iv) it is isometric to the cylinder S 2 × R, (v) it is a quotient of the cylinder S 2 × R by the involution α(θ, t) = α(−θ, −t). In all these cases the κ-solution is a union of canonical neighborhoods. The (C, ε)-caps appear in cases (iii) and (v): if (iii) holds then the caps are of type A, while if (v) holds the caps are of type C. This contradicts the nonexistence of canonical neighborhoods around p i , where only caps of types A, B, or C are considered.
Proof of the Main Results
We will start by introducing the concept of a canonical metric. Let h be the metric on the unit sphere S 3 induced by the standard inclusion S 3 ⊂ R 4 . Given k, l ≥ 0, let q 1 , . . . , q k , p 1 , . . . , p l , p ′ 1 , . . . , p ′ l ∈ S 3 be such that {q 1 , . . . , q k , p 1 , . . . , p l , p ′ 1 , . . . , p ′ l } is a collection of k+2l distinct points in S 3 . If Γ 1 , . . . , Γ k are finite subgroups of SO(4) acting freely on S 3 , let q ′ i ∈ S 3 /Γ i endowed with the quotient metric g Γ i of constant sectional curvature 1 for each 1 ≤ i ≤ k. We will apply the Gromov-Lawson construction to small balls of the same radius centered at q 1 , . . . , q k , p 1 , . . . , p l , p ′ 1 , . . . , p ′ l in S 3 and at q ′ i in S 3 /Γ i . For that we need also to choose orthonormal bases at each of the points. The boundaries of the cylindrical necks coming out of p j and p ′ j are identified to each other with reverse orientations for every 1 ≤ j ≤ l, while the same is done to the boundaries of the cylindrical necks coming out of q i and q ′ i , for every 1 ≤ i ≤ k. The resulting manifold is diffeomorphic to a connected sum
where l ≥ 0 is the number of S 2 × S 1 summands. Recall that the topology of such a connected sum sometimes depends on the orientation of the bases chosen at the q ′ i (compare Hempel [17] ). The metricĝ obtained on M from such construction has positive scalar curvature. It is also locally conformally flat. We will refer to metrics isometric to aĝ as above as canonical metrics. The unit sphere to which the construction is applied will be called principal sphere.
Ifĝ 1 andĝ 2 are canonical metrics on the same manifold M , then it follows by the uniqueness theorem of Milnor (see [24] ) that l 1 = l 2 , k 1 = k 2 , and that, after some reordering, there exists an orientation-preserving diffeomorphism between S 3 /Γ i,1 and S 3 /Γ i,2 for each i. G. de Rham proved in [10] that in this case there exists an orientation-preserving isometry between S 3 /Γ i,1 and S 3 /Γ i,2 for each i. Recall that the connected sums B# γ 1 B ′ and B# γ 2 B ′ of constant curvature balls B and B ′ are isotopic to each other (with the metric unchanged near the ends), if γ 1 and γ 2 are planar curves like in Section 5. Since we can also move the base points and the orthonormal bases around, according to Proposition 5.1, we conclude that different canonical metrics on M are isotopic to each other, i.e., live in the same path-connected component of the moduli space R + (M )/Diff(M ).
The next result concerns deformations of manifolds which are covered by canonical neighborhoods. Proof. If (M 3 , g ) is a C-component, or an ε-round component, the sectional curvatures of g are positive. It follows from Hamilton's theorem (see [13] ) that the normalized Ricci flow provides a continuous deformation of g, through positive scalar curvature metrics, into a constant curvature space form S 3 /Γ. On the other hand a canonical metric on S 3 /Γ = S 3 #S 3 /Γ is locally conformally flat. The result in that case follows from Corollary 2.2 an de Rham's theorem ( [10] ).
Therefore we can assume that every point x ∈ M 3 has a (C, ε)-cap or an ε-neck. The Proposition A.25 of [25] implies that M is diffeomorphic to
Suppose M is diffeomorphic to S 3 .
Claim 1.
There exists a (C, ε)-cap C ⊂ S 3 with neck N and core Y , such that no point of s −1 N (0.9/ε) is in the core of a (C, ε)-cap that contains C. If every point x ∈ S 3 has an ε-neck, it follows from the results in the appendix of [25] that the manifold is diffeomorphic to S 2 × (0, 1). Therefore (S 3 , g) must contain a (C, ε)-cap C 1 .
Suppose the claim is false. Then there exists an infinite chain of (C, ε)- 
, and the regions s 
LetC + be the connected component ofC − s It remains to prove that there can be no infinite structured chain of ε-necks We choose to orient the neckÑ so that the positive s-direction points towards the coreỸ . HenceC + =Ỹ ∪ s
Since the manifold is diffeomorphic to the 3-sphere, only caps of types A and B can appear. We will divide the rest of the proof in four cases.
Case I. C andC are of type A. Suppose ∂C + ⊂ C 0.9 . Then either ∂C 0.9 ⊂ int (S 3 −C + ) or ∂C 0.9 ⊂C + . If ∂C 0.9 ⊂ int (S 3 −C + ), thenỸ ⊂C + ⊂ C 0.9 . This is in contradiction with property (2) of the previous claim. Therefore ∂C 0.9 ⊂C + , and S 3 =C + ∪C 0.9 by connectedness. This implies that (S 3 , g) has positive sectional curvature, and the result follows from [13] .
If ∂C + is not contained in C 0.9 , then there must exist 2 ≤ i ≤ a such that ∂C + ⊂ s , 4) ) ⊂C. It follows from the Interpolation Lemmas 3.1 and 3.2 that there exists a diffeomorphism ψ :
A is an isometry of (S 2 , dθ 2 ),
3) there exists a continuous path of metrics µ ∈ [0, 1] → g µ of positive scalar curvature on S 2 × (−1/ε, β), with g 0 = ψ * (g) and g 1 rotationally symmetric, and such that it restricts to the linear homotopy g µ = (1 − µ)ψ * (g) + µ h 2 1 g cyl on S 2 × (−1/ε, 0.25/ε) and to the linear homotopy g µ = (1 − µ)ψ * (g) + µ h 2 i g cyl on S 2 × (β − 1.25/ε, β). Here ψ j : S 2 × (−1/ε, 1/ε) → N ′ j denotes the ε-neck structure associated to the neck N ′ j . We can perform surgery along the central spheres S 1 = s −1 N ′ 1 (0) and
, and glue standard caps to both left and right sides of each sphere as explained in Section 4. In doing this we break the manifold into three components: (S 1 , g 1 ), (P, g P ), and (S 2 , g 2 ). It follows from Corollary 4.2 that the left-hand (S 1 , g 1 ) and the right-hand (S 2 , g 2 ) components have positive sectional curvature, since the same holds for the caps C andC. Therefore they can be deformed to constant curvature metrics by the normalized Ricci flow. The middle component (P, g P ) is obtained by attaching standard caps to the boundary of the region between the spheres S 1 and S i . Since the deformation of item (3) above restricts to linear homotopies on neighborhoods of the surgery spheres, it follows from Lemma 4.3 that it can be extended to the caps. This provides a deformation of the metric on P , through metrics of positive scalar curvature, that ends in a rotationally symmetric manifold. It follows from Corollary 2.2 that this locally conformally flat manifold can be deformed, through metrics of positive scalar curvature, into one of constant sectional curvature.
We have proved that there exist continuous families of positive scalar curvature metrics g 1,µ , g P,µ , g 2,µ on S 1 , P , S 2 , respectively, µ ∈ [0, 1], such that g 1,0 = g 1 , g P,0 = g P , g 2,0 = g 2 , and so that g 1,1 , g P,1 , and g 2,1 are round. It follows from Proposition 5.1 that there is a choice of parameters so that we can consider the continuous family of connected sums at the surgery tips:
The Proposition 5.3 implies that (S 3 , g) can be continuously deformed, through positive scalar curvature metrics, into (S 1 # P # S 2 , g Case II C is of type A, andC is of type B. Suppose ∂C + ⊂ C 0.9 . Then ∂C 0.9 ⊂C + and S 3 =C + ∪ C 0.9 , as in the proof of Case I. We can perform surgery along the central sphereS = s −1 N (0), and glue standard caps to both left and right sides of it. In doing this we break the manifold into two components: (S 1 , g 1 ) and (S 2 , g 2 ). Since s ((−4, 4) ) ⊂ C, it follows from Corollary 4.2 that the left-hand (S 1 , g 1 ) component has positive sectional curvature. Therefore it can be deformed to a constant curvature metric by the normalized Ricci flow. It follows from Lemma 4.3 and a remark of Section 6 that the right-hand component (S 2 , g 2 ) can be deformed, through metrics of positive scalar curvature, into a rotationally symmetric manifold. It follows from Corollary 2.2 that this manifold can be deformed into one of constant sectional curvature. Since both of the components (S 1 , g 1 ) and (S 2 , g 2 ) can be deformed to round metrics, the original manifold (S 3 , g) is isotopic to a Gromov-Lawson connected sum of round spheres as in the proof of Case I and the result follows from Corollary 2.2.
If ∂C + is not contained in C 0.9 , then there must exist 2 ≤ i ≤ a such that
((−0.01/ε, 0.95/ε)). It follows from the Interpolation Lemmas 3.1 and 3.2 that there exists a diffeomorphism
such that:
A is an isometry of (S 2 , dθ 2 ), 3) there exists a continuous path of metrics µ ∈ [0, 1] → g µ of positive scalar curvature on S 2 × (−1/ε, β), with g 0 = ψ * (g) and g 1 rotationally symmetric, and such that it restricts to the linear homotopy g µ = (1 − µ)ψ * (g) + µ h 2 1 g cyl on S 2 × (−1/ε, 0.25/ε) and to the linear homotopy g µ = (1 − µ)ψ * (g) + µh 2 g cyl on S 2 × (β − 0.75/ε, β).
We can perform surgery along the central sphere S 1 = s −1 N ′ 1 (0), and glue standard caps to both left and right sides of it. In doing this we break the manifold into two components: (S 1 , g 1 ), and (S 2 , g 2 ). It follows from Corollary 4.2 that the left-hand (S 1 , g 1 ) has positive sectional curvature. Therefore it can be deformed to a constant curvature metric by the normalized Ricci flow. Since the deformation of item (3) above restricts to linear homotopies on the regions ψ 1 (S 2 × (−1/ε, 0.25/ε)) and ψÑ (S 2 × (0.25/ε, 1/ε)) , it follows from Lemma 4.3 that it can be extended to the caps. This provides a deformation of the metric on S 2 , through metrics of positive scalar curvature, that ends in a rotationally symmetric manifold. The proof of Case II proceeds similarly as before, by using Corollary 2.2 and making Gromov-Lawson connected sums.
Case III C is of type B, andC is of type A. Suppose ∂C + ⊂ C 0.9 . Then ∂C 0.9 ⊂C + and S 3 =C + ∪ C 0.9 , as in the proof of Case I. We can perform surgery along the central sphere S = s −1 N ′ 1 (0), and glue standard caps to both left and right sides of it. In doing this we break the manifold into two components: (S 1 , g 1 ) and (S 2 , g 2 ). Note that in this case s If ∂C + is not contained in C 0.9 , the result follows by interpolating the intermediate necks as in the proof of Case II.
Case IV C andC are of type B. If ∂C + is not contained in C 0.9 , then there must exist 2 ≤ i ≤ a such that
with the same properties as in the proof of Case II.
Since the deformation of item (3) above restricts to linear homotopies on the regions ψ 1 (S 2 × (−1/ε, 0.25/ε)) and ψÑ (S 2 × (0.25/ε, 1/ε)), it follows from a remark in Section 6 that it extends as linear homotopies to the caps. Therefore the entire manifold (S 3 , g) can be deformed, through metrics of positive scalar curvature, into a rotationally symmetric manifold. The result follows from Corollary 2.2.
Suppose ∂C + ⊂ C 0.9 . Then ∂C 0.9 ⊂C + and S 3 =C + ∪ C 0.9 , as in the proof of Case I. Let C + = Y ∪ s Claim. ψ C ((−1.5/ε, 0.5/ε)) ∩ ψC(−0.5/ε, 1.5/ε)) = ∅.
Supposeh ≤ h N . If ψ C ((−1.5/ε, 0.5/ε)) ∩ ψC(−0.5/ε, 1.5/ε)) = ∅, it follows from the connectedness of the regions and the inclusion ∂C + ⊂ C 0.9 that ψC((−0.5/ε, 1.5/ε)) is contained in the component of C − ψ C (S 2 × {−1.5/ε}) disjoint from s −1 N (0). Since the distance of any point inC to the central sphere s −1 N (0) is at most (2.1)h/ε, and the distance from any point of ψ C (S 2 × {−1.5/ε}) to ∂C is at least (2.25) h N /ε, we obtainC ⊂ C. This implies C = S 3 , which is a contradiction. If h N ≤h, the proof is similar. This finishes the proof of the claim.
Since ψ C ((−1.5/ε, 0.5/ε))∩ψC (−0.5/ε, 1.5/ε)) = ∅, it follows from Lemma 3.1 and a remark in Section 6 that the manifold (S 3 , g) can be deformed, through metrics of positive scalar curvature, into a rotationally symmetric manifold. The result follows from Corollary 2.2.
The proof is similar when M is diffeomorphic to RP 3 or RP 3 #RP 3 . The arguments used to handle caps of type B can be easily modified to apply for caps of type C. The key property is that these caps are ε-close to locally conformally flat metrics of positive scalar curvature.
Suppose now that M is diffeomorphic to S 2 × S 1 . In that case every point is contained in an ε-neck. Let N be one such neck, with central sphere S. Do surgery on N along S and glue standard caps to both sides of it. The resulting manifold is a 3-sphere (S 3 , g surg ) endowed with a metric of positive scalar curvature such that every point of it has a canonical neighborhood. The previous arguments imply that (S 3 , g surg ) can be deformed into a round sphere. It follows from Lemma 5.3 that the original manifold (S 2 × S 1 , g) is isotopic to the Gromov-Lawson connected sum of (S 3 , g surg ) with itself, where the connected sum is performed at the tips of the spherical caps. The result follows since a canonical metric on S 2 × S 1 is defined as a GromovLawson connected sum of a round 3-sphere to itself.
We will need the following lemma:
. Any connected manifold obtained from finitely many components endowed with canonical metrics by performing connected sums and attaching handles is isotopic to a canonical metric.
Proof. Suppose M is a connected sum of finitely many components with canonical metrics. Let S 1 , . . . , S N be the corresponding principal spheres. These spheres are joined to each other by finitely many necks N 1 , . . . , N k . We allow the existence of necks connecting a principal sphere to itself. We will prove the result by induction on the number of necks k.
If there is only one neck, then we have at most two components. If there is only one component connected to itself by a neck, then the result is evidently a canonical metric. If there are exactly two components, let S 1 and S 2 be their principal spheres. The connected sum S 1 #S 2 can be deformed to a single round sphere, since it is locally conformally flat. Therefore the manifold M is isotopic to a canonical metric.
Suppose there are a ≥ 2 necks. Let N be a neck with central 2-sphere S N . If S N disconnects the manifold, then M = M 1 #M 2 where M 1 and M 2 are connected sums, with less than a necks each, of finitely many components endowed with canonical metrics. The induction hypothesis implies that each M i is isotopic to a canonical metric. Therefore our original manifold can be deformed into a connected sum of two canonical components by just one neck. The result then follows from the a = 1 case. If S N does not disconnect the manifold, then M can be obtained as a configuration of a − 1 necks with one handle attached. It follows from the induction hypothesis that our manifold is isotopic to a canonical metric with one handle attached. Since that is a canonical component by itself, the result is proved.
Proof of the Main Theorem. Let g 0 be a positive scalar curvature metric on M 3 , which can be scaled to be normalized. Let (M 3 i , g i (t)) t∈[t i ,t i+1 ) , 0 ≤ i ≤ j, be the Ricci flow with surgery given by Theorem 6.1, with initial condition (M 3 , g 0 ).
Let A i be the assertion that the restriction of g i (t i ) to each component of M i is isotopic to a canonical metric. Claim 1. If i < j and A i+1 holds, so does A i .
Set ρ = δ i r i and h = h(ρ, δ i ), and let Ω(t i+1 ) and Ω ρ (t i+1 ) be as in Section 6. We will denote by Ω big (t i+1 ) the union of the finitely many components of Ω(t i+1 ) that intersect Ω ρ (t i+1 ).
The open set Ω big (t i+1 ) contains a finite collection of disjoint 2ε-horns H 1 , . . . , H l , with boundary contained in Ω ρ/2C , and such that the complement of the union of the interiors of these horns is a compact 3-manifold with boundary that contains Ω ρ . For each 1 ≤ k ≤ l, let N k ⊂ H k be the δ i -neck, centered at y k with R g i (t i+1 ) (y k ) = h −2 , as explained in Section 6. Let S k be the central sphere of this neck, which is oriented so that the positive s-direction points towards the end of the horn. If H + k is the complementary component of S k in H k which contains the end of the horn, recall that the continuing region C t i+1 is defined as the complement of
k be the positive and negative halves of N k , respectively. If
is a continuous family of positive scalar curvature metrics connecting the manifolds (M t ′ ,g t ′ ) and (M i+1 , G t i+1 ). Since G t i+1 = g i+1 (t i+1 ), it follows from the assertion A i+1 that each component of (M t ′ ,g t ′ ) is isotopic to a canonical metric.
Since Ω ρ is contained in the complement of the union of the interiors of the horns, we have R(x, t ′ ) > r
−2 i
for every x / ∈ C t i+1 if t ′ is sufficiently close to t i+1 . This implies that every x / ∈ C t i+1 has a (C, ε)-canonical neighborhood at time t ′ .
Let (P j , g P j ), j = 1, . . . , m, be the components of the compact manifold obtained from
by surgery along the central spheres of each N k , and replacing the negative halves of the necks by caps. It is clear that every point of (P j , g P j ), for each 1 ≤ j ≤ m, has a (C, ε)-canonical neighborhood, since the surgery caps are caps of type B. Because of the presence of surgery caps, it follows from Proposition 7.1 that the manifolds (P j , g P j ) are diffeomorphic to either S 3 or RP 3 , and can be deformed to constant curvature manifolds through positive scalar curvature metrics.
with the connected sum
The manifold (M ,ĝ) is a Gromov-Lawson connected sum of the components of (M t ′ ,g t ′ ), and (P j , g P j ) j=1,...,m . The connected sums are performed at the tips of the surgery caps with sufficiently small parameters. The parameters are chosen fixed so that the construction applies to every element in the continuous deformations of the components of (M t ′ ,g t ′ ) into canonical metrics, and of (P j , g P j ) j=1,...,m into constant curvature metrics. Therefore it follows from Proposition 5.1 that each component of (M ,ĝ) is isotopic to a Gromov-Lawson connected sum of finitely many components endowed with canonical metrics. It follows from Lemma 7.2 that each component of (M ,ĝ) is isotopic to a canonical metric.
The manifold (M ,ĝ) can be continuously deformed back into (M t ′ , g t ′ ) through metrics of positive scalar curvature by Lemma 5.3. The Claim follows by using the standard Ricci flow (
Claim 2. A j holds.
Since M t j+1 = ∅, there exists η > 0 such that every point of (M j , g j (t)) has a (C, ε)-canonical neighborhood for all t ∈ [t j+1 − η, t j+1 ). Since the standard Ricci flow (M j , g j (t)) t∈[t j ,t j+1 −η] is a continuous path of positive scalar curvature metrics on M j , the Proposition 7.1 implies that A j holds.
It follows from backwards induction on i that A 0 holds. Therefore any metric of positive scalar curvature on M 3 can be continuosly deformed, through metrics of positive scalar curvature, into a canonical metric. This proves that the moduli space R + (M )/Diff(M ) is path-connected.
Applications to General Relativity
In this section we will give some applications of Corollary 1.1 to General Relativity. We will prove the path-connectedness of three different spaces of asymptotically flat metrics on R 3 : scalar-flat metrics, nonnegative scalar curvature metrics, and trace-free solutions to the Vacuum Constraint Equations. The result about the moduli space for other 3-manifolds (with finitely many Euclidean ends and different inside topology) can be derived by adapting the arguments we will use for R 3 -see the final remark of this section. We refer the reader to [1] for a nice survey on the constraint equations.
Let 0 < α < 1 be a fixed number.
The weighted Hölder space C k,α β (R 3 ) is defined as the set of functions u ∈ C k,α loc (R 3 ) such that the norm
is finite, where ρ(x) = (1 + |x| 2 ) 1 2 . It is also convenient to consider the spaces D [40] ), with the norms
Here ∆ denotes the Euclidean Laplacian. We will need the following result which can be found in [40] :
is an isomorphism if and only if it is injective. Proof. Let 0 ≤ η ≤ 1 be a smooth cutoff function such that η(t) = 1 for t ≤ 1 and η(t) = 0 for t ≥ 2. Set η R (t) = η(t/R) for R > 0.
Given g ∈ M 1 and R > 0, we define g R = (1 − η R )δ + η R g. We can also approximate g R by a smooth metric g ′ R , such that g R − g ′ R C 2,α (B 4R (0)) is small and g ′ R = g R = δ if |x| ≥ 3R. Given γ > 0, it is not difficult to see that for any ε > 0, there exists R 0 > 0 such that if R ≥ R 0 and µ ∈ [0, 1], we have
It follows by the Maximum Principle that ∆ g : E 2,α −1 → D 0,α −3 is injective, thus an isomorphism by Theorem 8.1. We can also check that the conformal
We fix R sufficiently large. It is not difficult to check that if g ij −δ ij ∈ C 2,α −1
The Proposition follows if we set g µ = u 4 R,µ g R,µ .
Let I(z) = z |z| 2 be the inversion with respect to the unit sphere ∂B 1 (0) ⊂ R 3 . Notice that I * (δ)(z) = |z| −4 δ. Proof. Let ψ : B 1 (0) ⊂ R 3 → S 3 be a coordinate chart with ψ(0) = p, and let ϕ : R 3 → S 3 − {p} be a diffeomorphism such that ψ −1 (ϕ(z)) = I(z). The maps ψ and ϕ can be chosen as inverses of stereographic projections, for instance.
Let g ∈ M 1 be smooth and such that there exists a positive smooth function u ∈ 1 + C 2,α −1 with g(z) = u 4 (z)δ if |z| ≥ 3R. Let v : R 3 → R be a smooth positive function such that v(z) = |z| u(z) for |z| ≥ 3R. We define a metric g ′ so that g = v 4 g ′ . Hence g ′ (z) = |z| −4 δ = I * (δ) for |z| ≥ 3R.
We define g = ϕ * (g ′ ), so we can write ϕ
Therefore ψ * (g) ij = δ ij . Hence ψ = exp p,g , and the assertion (1) follows. 
continuous family of orientation preserving local diffeomorphisms which fix p ∈ S 3 . It follows from Theorem 5.5 in [29] that an orientation preserving local diffeomorphism which fixes p coincides with an ambient diffeomorphism in a sufficiently small neighborhood of p. It is not difficult to check, due to the explicit constructions of [29] and since the interval [0, 1] is compact, that we can choose the extensions so that they depend continuosly on the parameter µ. Hence there exist a neighborhood W 0 of p and a continuous family of ambient diffeomorphisms F µ : S 3 → S 3 , µ ∈ [0, 1], such that F µ = f µ on W 0 .
Let us now suppose that we have found a diffeomorphism ϕ 0 : R 3 → S 3 − {p} such that ψ −1 0 • ϕ 0 = I outside a compact set. Then we can define the diffeomorphism ϕ µ = F µ • ϕ 0 : R 3 → S 3 − {p}, µ ∈ [0, 1] and it follows that ψ −1 µ • ϕ µ = I outside a fixed compact set. It remains to find ϕ 0 . In order to do that we choose stereographic projections ϕ and ψ as in the proof of Proposition 8.3 so that ψ −1 • ϕ = I. Then we choose h to be an ambient diffeomorphism of S 3 extending ψ 0 • ψ −1 , and set ϕ 0 = h • ϕ. It follows immediately that ϕ 0 : R 3 → S 3 − {p} is a diffeomorphism and ψ Let g (0) , g (1) ∈ M 1 be smooth metrics which are conformally flat outside a compact set. Given p ∈ S 3 , it follows from Proposition 8.3 that there exist smooth metrics g (0) , g (1) on S 3 of positive Yamabe quotient, and diffeomorphisms ϕ (0) , ϕ (1) : R 3 → S 3 − {p} such that:
, where G i is the Green's function of the conformal Laplacian L g (i) with pole at p, i = 0, 1. Since the conformal class of a metric of positive Yamabe quotient contains a positive scalar curvature metric, it follows from Corollary 1.1 that there exists a continuous family (g µ ) µ∈[0,1] of C ∞ Riemannian metrics on S 3 of positive Yamabe quotient such that g 0 = g (0) and g 1 = g (1) . Let ϕ µ : R 3 → S 3 −{p} be the family of diffeomorphisms given by Lemma 8.4. If G µ denotes the Green's function of L g µ with pole at p, it follows then from standard arguments in elliptic linear theory and from the expansion of G µ in inverted normal coordinates (see [23] ) that the family ϕ * µ (G 4 µ g µ ) is continuous in M 1 . It remains to prove that ϕ * i (G 4 i g (i) ) and g (i) = (ϕ (i) ) * (G 4 i g (i) ) are in the same path-connected component of M 1 , i = 0, 1. In order to see that notice that, for each i = 0, 1, (ϕ (i) ) −1 • ϕ i : R 3 → R 3 is a diffeomorphism which coincides with the identity outside a compact set. Then there exists a continuous family of diffeomorphisms F µ,i : R 3 → R 3 (see [6] ) such that is an isomorphism. Since R g ∈ L 1 , we define v ∈ E We say that (g, h) is an asymptotically flat initial data set on R 3 if g is a Riemannian metric on R 3 such that g ij − δ ij ∈ C 2,α −1 , and h is a symmetric (0, 2)-tensor with h ij ∈ C 1,α −2 . The Vacuum Constraint Equations on R 3 are a) R g + (tr g h) 2 − |h| 2 g = 0, b) and ∇ i h i j − ∇ j (tr g h) = 0. Let M 3 be the set of all asymptotically flat initial data sets (g, h) on R 3 which satisfy the Vacuum Constraint Equations, and such that tr g h = 0.
We have Proof. LetM 3 be the set of all asymptotically flat initial data sets on R 3 such that a) tr g h = 0, b) R g ≥ |h| 2 g and R g ∈ L 1 , c) and (div g h) j := ∇ i h i j = 0. Given (g, h) ∈M 3 , the path µ ∈ [0, 1] → (g, (1 − µ)h) is continuous and contained inM 3 . It follows then from Theorem 8.6 thatM 3 is pathconnected. It suffices to show that there exists a continuous and surjective map F :M 3 → M 3 . This can be accomplished by the conformal method as follows.
If (g, h) ∈M 3 , we want to find a positive function u such that (ĝ,ĥ) ∈ M 3 , whereĝ = u 4 g, andĥ = u −2 h. This is equivalent to solving Rĝ = |ĥ| 2 g , since it is easily checked that trĝĥ = 0 and divĝĥ = 0 for any u > 0.
The equation Rĝ = |ĥ| 2 g translates into the Lichnerowicz equation
Since R g ≥ |h| 2 g , the function u + = 1 is a supersolution to the equation (8.1).
We can also solve L g v = Therefore the map F :M 3 → M 3 given by
is well-defined. It is also surjective since it restricts to the identity on M 3 . The continuity of F follows from standard elliptic regularity on weighted spaces. This finishes the proof of the theorem.
Remark: Similar results can be derived for the corresponding moduli spaces of other 3-manifolds. Suppose, for instance, that (M 3 , g) is an asymptotically flat manifold with zero scalar curvature and n ends. The arguments of this section can be adapted to prove that this manifold can be deformed, through asymptotically flat metrics of zero scalar curvature, into a manifold isometric to the blow-up of a canonical metric (as in Section 7) at n distinct points. The blow-up of a compact manifold (M 3 , g) of positive scalar curvature at the points x 1 , . . . , x n ∈ M is the scalar-flat and asymptotically flat manifoldĝ = ( n i=1 G x i ) 4 g, where G x i is the Green's function of the conformal Laplacian L g with pole at x i . The idea is again to first deform (M 3 , g) into a manifold which can be conformally compactified (as in Propositions 8.2 and 8.3), and then apply the Main Theorem of this paper. 
